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SUMMARY

The basic building blocks of a classic multigrid algorithm, which are essentially stencil computations, all
have a low ratio of executed floating point operations per byte fetched from memory. This important ratio can
be identified as the arithmetic intensity. Applications with a low arithmetic intensity are typically bounded
by memory traffic and achieve only a small percentage of the theoretical peak performance of the underlying
hardware. We propose a polynomial Chebyshev smoother, which we implement using cache-aware tiling,
to increase the arithmetic intensity of a multigrid V-cycle. This tiling approach involves a trade-off between
redundant computations and cache misses. Unlike common conception, we observe optimal performance for
higher degrees of the smoother. The higher degree polynomial Chebyshev smoother can be used to smooth
more than just the upper half of the error frequencies, leading to better V-cycle convergence rates. Smoothing
more than the upper half of the error spectrum allows a more aggressive coarsening approach where some
levels in the multigrid hierarchy are skipped. Copyright c© 2011 John Wiley & Sons, Ltd.
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1. INTRODUCTION

With the ever increasing availability of cheap compute power and an incessant hunger of the
scientific community to solve bigger and bigger problems, the importance of algorithms that scale
well in terms of problem size grows as well. Multigrid has the appealing property that its cost scales
only linear in the number of unknowns, i.e. multigrid applied to a set of linear equations is an
O(N) method where N is the total number of unknowns. The building blocks of classical multigrid
methods, the smoother, the interpolation and the restriction, are all stencil computations that have
this O(N) complexity. Furthermore, the number of iterations is theoretically O(1).

In contrast to direct methods that are compute bound and typically scale asO(N3), multigrid and
iterative methods in general stress the memory bandwidth of the computer hardware. Iterative linear
solvers are built on matrix-vector, vector-vector and scalar-vector operations, such as the SpMV
(Sparse Matrix Vector multiplication), the dot product and the AXPY operation (y = αx+ y with y
and x vectors and α a scalar). These areO(N) operations which, except for the SpMV, can be found
in the BLAS1 (Basic Linear Algebra Subroutines). They are all bounded by memory latency.

A good measure to quantify numerical methods is their associated arithmetic intensity, sometimes
called operational or computational intensity and from hereon sometimes referred to as the q value.
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Figure 1. Roofline model for the maximum attainable floating point performance for numerical
algorithms [1, 2] as function of the arithmetic intensity. Algorithms with a low arithmetic intensity (sparse
matrix computations, stencil operations) are memory bound, while those with high arithmetic intensity are

compute bound. Both regimes together form the roofline.

The arithmetic intensity of an algorithm is typically a fixed number and is defined as the number of
floating point operations executed per byte fetched from main memory. Iterative solvers typically
have a very low q value, whereas dense linear algebra methods have a much larger q.

The roofline model by Williams, Waterman and Patterson [1, 2] predicts the maximum attainable
performance of a computer algorithm, measured in floating point operations per second (or in
GFLOP/s), as a function of its arithmetic intensity. This simple model is illustrated in Figure 1.
Applications with low arithmetic intensity are typically memory bound. The resulting code does
not perform enough floating point operations per byte fetched from memory to hide all the memory
latencies, and the program is often spending time waiting for data to return from main memory.
Examples of algorithms or numerical kernels with very low arithmetic intensity are sparse matrix-
vector products, dot products and AXPY operations. Stencil operations on structured grids have
a slightly higher q value. Spectral methods such as a 3D FFT (Fast Fourier Transform) have an
intermediate q value and dense matrix codes (as found in the BLAS3) have a high arithmetic
intensity. Among the problems with the highest q values are N-body particle methods. For these
higher q values, the algorithms are no longer memory bound but compute bound and the FPU
(Floating Point Unit) can be kept busy almost all the time. The two regimes, memory bound and
compute bound, form the roofline. The roofline is specific for each computer architecture and
depends on the machine’s memory system, clock frequency and many other factors. Writing code
that achieves performance close to the theoretical roofline is very hard since this requires careful
tuning and optimizing to take advantage of memory affinity, cache prefetching, instruction level
parallelism and vector instructions.

Many authors have addressed the fact that certain numerical kernels, such as stencil operations,
are memory bound and various approaches have been developed to improve efficiency of such
codes. Just to name a few, we mention cache aware techniques based on the idea of tiling [3, 4, 5],
possibly with auto-tuning of parameters [6], cache oblivious approaches [7, 8] and wavefront
parallelization [9, 10]. Another approach that recently gained a lot of popularity is the use
of GPGPU (General-Purpose computation on Graphics Processing Units) through CUDA† or
OpenCL‡, exploiting the GPU’s large bandwidth and large number of compute cores. See for
instance [11, 12, 13, 14, 15].

Douglas et al [16, 17, 18] and Kowarschik et al [19] have presented a number of multigrid code
optimizations to exploit cache structure and reduce the number of cache misses. They combine the
different multigrid steps into one and apply a blocking technique to this one big step. This approach,
a complex form of loop fusion, enhances the temporal locality of the code and ensures better cache
reuse. Impressive performance improvements have been reported using this techniques. Strout et
al [20] apply a tiling technique at runtime for Gauss-Seidel smoothing on unstructured meshes.

†http://www.nvidia.com/object/cuda_home_new.html
‡http://www.khronos.org/opencl
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Alternatively, to increase the arithmetic intensity of multigrid, one can try to switch to dense linear
algebra techniques as much as possible, for instance by applying a block smoother with dense sub-
blocks of the matrix. However, in this work, we will solely focus on stencil computations.

However, most of the optimizations mentioned are merely clever code reorganizations that do not
affect the total number of floating point operations or the numerical properties, like convergence
rate or stability, of the algorithms. An important trend in recent hardware is the increasing gap
between performance of the FPU and performance of the memory system. CPU performance has
been increasing for years now according to Moore’s law, while memory latencies have only been
improving by 10%/year. In other words: floating point operations are cheap, communication is
expensive. Moving data from one part of the chip can cost more than simply recomputing the
result locally. This is also true in terms of energy use; improving data locality will become critical
for energy efficiency [21]. This allows much more freedom in designing parallel algorithms with
reduced communication and synchronization.

Demmel et al [22] for instance introduce the matrix-powers kernel which computes s subsequent
SpMV’s without synchronization after each step by dividing the vector in tiles and performing
redundant work at the tile boundaries. In this case, arithmetic intensity can be increased by
trading cache misses for redundant computations. Also, the matrix has to be fetched from memory
only once per s steps. However, the matrix-powers kernel is not a basic building block of any
classical iterative method. In order to exploit the benefits of this new numerical kernel, s-step
variants of CG (Conjugate Gradients) and GMRES (Generalized Minimal RESiduals) have been
developed [23, 24]. These methods are not new, but have recently regained some attention. They
have the additional benefit of reducing global communication. However, they often incur too much
extra computations to be beneficial on current hardware and are hard to combine with many of the
more efficient preconditioners.

In this paper, we study the classical multigrid algorithm applied to the 2D Poisson problem on a
regular grid. For the smoother we use Chebyshev iteration and we propose a tiled implementation,
similar to the matrix-powers kernel from Demmel et al [22] to improve temporal locality of
the polynomial Chebyshev smoother. This improves data cache reuse and hence minimizes
communication to off-chip memory as well as communication and synchronization between threads.
By introducing two extra parameters, a tile size B (dependent on the machine’s cache size) and
the number of smoothing steps s, we create an algorithm with a variable arithmetic intensity. By
varying the q value, the smoother becomes compute bound rather than memory bound and overall
performance increases.

This paper is organized as follows. In section 2 we briefly introduce the model problem, the
multigrid scheme and polynomial Chebyshev smoothing. Section 3 describes how the arithmetic
intensity of the Chebyshev iteration can be increased by tiling. We give experimental results for
the attained speedups for standard Chebyshev iteration, as well as for a multigrid V -cycle using
Chebyshev smoothing, both with tiles. In the experiments described in section 4, the lower bound
for the eigenvalue estimate, as needed by the Chebyshev iteration, is varied. This allows one level of
the V -cycle to smooth more than the upper half of the frequencies in the error. In section 5 a more
aggressive coarsening strategy is used. Since also the mid-frequency error terms are smoothed by
the higher degree Chebyshev smoother, the error can be accurately represented on a 4h grid instead
of a 2h grid. Finally, section 6 concludes the paper and gives a short outlook.

2. MULTIGRID FOR 2D POISSON WITH POLYNOMIAL SMOOTHERS

In this paper we look at a 2D Poisson problem, which has extensively been studied in the
literature [25, 26, 27]. The Poisson equation, with Dirichlet boundary conditions, is discretized
using a 5-point stencil on a structured grid with grid spacing h = 1/(n+ 1), where n is the number
of unknowns per spatial direction, over the spatial domain [0, 1]2. The system to be solved can be
written in the matrix vector form

Ax = b , (1)

Copyright c© 2011 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2011)
Prepared using nlaauth.cls DOI: 10.1002/nla
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with A the 2D Poisson matrix (using standard lexicographic ordering of the grid points), b the
right-hand-side vector and x the vector of unknowns. This set of linear equations will be solved
with multigrid starting from an initial guess x0 = [1, 1, . . . 1]T, which, on a 1023× 1023 grid,
corresponds to an initial residual ||b−Ax0||2 = 6.7× 107.

We assume the reader is familiar with multigrid and refer to the books [26, 27] for details. A
standard V (ν1, ν2)-cycle will be used with a hierarchy of mesh sizes h, 2h, . . . , 1/2, with linear
interpolation and full weighting restriction.

In the V (ν1, ν2)-cycle, ν1 iterations of the smoother are applied before solving the error equation
on the coarser grid, and ν2 iterations are applied after correction with the interpolated error. A well
known smoother is the weighted-Jacobi iteration

x(k+1) =
[
I − ωD−1A

]
x(k) + ωD−1b , (2)

where I is the identity matrix and D is the diagonal of A. For our model problem, the optimal
weighting parameter ω can be determined to be 2/3 [26].

Besides Jacobi iteration, we also consider a polynomial Chebyshev smoother. Chebyshev
iteration [25, 28, 29] is an iterative method for the solution of a system of linear equations and,
unlike Jacobi, it is not a stationary method. However, it does not require inner products like many
other nonstationary methods (most Krylov methods). These inner products can be a performance
bottleneck on certain distributed memory architectures. Furthermore, Chebyshev iteration is, like
Jacobi, easier to parallelize than for instance Gauss-Seidel smoothers, see [30] for a quantitative
comparison. The Chebyshev iteration requires some information about the spectrum of the matrixA.
For symmetric matrices it needs an upper bound for the largest eigenvalue and a lower bound for the
smallest eigenvalue. For the extension to nonsymmetric matrices, an ellipse enveloping the spectrum
should be identified. Manteuffel [31, 32] and Ashby [33] have developed and implemented an
adaptive approach that estimates these eigenvalue bounds during the Chebyshev iteration, based on a
modified power method. Elman et al [34] have developed a more sophisticated approach based on an
Arnoldi iteration. However, for our model problem, the extreme eigenvalues are known analytically
to be λmin = 8/h2 sin2(π/(2(n+ 1))) ≈ 2π2 and λmax = 8/h2 cos2(π/(2(n+ 1))) ≈ 8/h2.

Algorithm 1 Chebyshev smoothing

for k = 0 to s− 1 do
r ← b−Ax

α←


d−1 , if k = 0

2d (2d2 − c2)−1 , if k = 1

(d− αc2/4)−1 , if k > 1
β ← αd− 1
p← αr + βp
x← x+ p

end for

The Chebyshev smoother is shown as Algorithm 1. The scalar input parameter d > 0 is the center
of the ellipse containing the eigenvalues of A. The foci of this ellipse are located at d+ c and d− c.
For purely real eigenvalues, parameters d and c are related to the smallest and largest eigenvalues
λmin and λmax respectively through

d =
λmax + λmin

2
and c =

λmax − λmin

2
. (3)

Traditionally, multigrid implementations use only a few smoothing steps, ranging between
zero and two, since the additional cost of one extra smoother step does not outweigh the
better convergence. This is illustrated in Figure 2, where on the left the approximate asymptotic
convergence rate for a V (ν1, ν2) cycle is shown as a function of ν1 for ν2 = 0, 1, 2 for both
weighted-Jacobi and Chebyshev smoothing. The asymptotic convergence rate is approximated by

Copyright c© 2011 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2011)
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Figure 2. Left: Approximate asymptotic convergence rate of a V -cycle using a weighted Jacobi smoother
with ω = 2/3 and a Chebyshev smoother as a function of the number of pre-smoothing steps for 0, 1 and 2
post-smoothing steps. For moderate numbers of pre-smoothing steps, the extra gain in convergence rate for
extra steps becomes marginal. Right: The work units for a V -cycle to reach a tolerance tol = 10−9 increase

approximately linearly as a function of the number of pre-smoothing steps.

the convergence rate of the last V -cycle in a multigrid solve with tolerance ||Ax− b||2 < 10−9. For
larger values of ν1, the improvement in convergence rate for increasing ν1 becomes marginal. The
Chebyshev smoother uses λmin = 4/h2 and λmax = 8/h2, and hence damps only the oscillatory
modes. Figure 2 (right) shows the number of work units required to reach ||Ax− b||2 < 10−9

with the same V -cycles as used in Figure 2 (left). Alternatively, a relative stopping criterion
could be used. The required number of V -cycles is computed as log 10−9/ log ρ, where ρ is the
asymptotic convergence rate of the V -cycle. We define work units as the number of matrix-vector
products (smoothing steps) at the finest level, neglecting the cost of intergrid transfer and residual
computation as in [26]. The total cost for the V -cycle to reach a tolerance 10−9, expressed in terms
of work units is thus

(ν1 + ν2)
(
1 + 4−1 + 4−2 + · · ·+ 4−l

) log 10−9
log ρ

WU ≈ (ν1 + ν2)
4

3

log 10−9

log ρ
WU , (4)

with l = log2(n+ 1) the number of levels in the multigrid hierarchy. Due to the extra cost for
each additional smoother step, and the slow improvement in convergence rate, the cost for a
V (ν1, ν2) cycle has a minimum at around ν1 = 2 and increases approximately linearly for larger ν1.
This confirms the common knowledge that traditional multigrid with few smoothing steps works
efficiently.

Another very popular smoother is red-black Gauss-Seidel, which has a slightly better convergence
rate and requires less number of work units compared to ω-Jacobi and Chebyshev smoothers.
However, also for red-black Gauss-Seidel, the work units start to increase approximately linearly
for larger ν1.

3. TILING TO IMPROVE TEMPORAL LOCALITY

In order to improve the arithmetic intensity of the smoother, the grid is divided in square tiles
of size B ×B at each level. For both the Chebyshev and the Jacobi iterations, each tile holds
its corresponding part of the field of unknowns x, the right-hand-side b and an additional search
direction vector p. The residual is not stored explicitly. When the tile is created, its data (the
corresponding parts from x and b) are read from main memory and loaded in the core’s data cache.
To improve cache data reuse, several smoothing steps are performed per tile before writing the
smoothed x back to the global x. However, the matrix-vector product, which is based on a 5-point
stencil for the Poisson equation, causes a data dependency at the edges of the tiles. In order to
resolve this data dependency, the tile is extended with a buffer when it is created. The width of this

Copyright c© 2011 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2011)
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Figure 3. Illustration of 3 iterations, e.g. Chebyshev or Jacobi smoothing steps, applied to an 8 by 8 tile. To
satisfy the data dependencies up to the third smoother step, redundant computations (on the red dots) are

performed at the boundaries of the tile, giving the computational domain the shape of a square frustum.

buffer is equal to the number of smoothing steps. In Figure 3 this is illustrated for 3 smoothing
steps applied to an 8× 8 tile. The red dots lying in the buffer are needed for the data dependency
after 3 smoothing steps. These red dots are computed redundantly by the neighboring tile(s). The
computational domain inside a tile has the form of a square frustum (a pyramid with its top cut off).

The tile size parameter B should be chosen with care. Smaller tiles incur a larger overhead due to
tile creation and require more redundant work. On the other hand, tiles should be small enough to
fit in the machine’s cache and to allow for an even distribution of the load over different processing
cores. Each tile is evolved by a separate thread, which is spawned by the Intel R©Threading Building
Blocks (TBB) library. In TBB, a work stealing scheduler distributes the tiles over the available cores.
This allows for an easy parallelization of the smoother, with only a single synchronization point for
s steps of the iterative procedure.

When the Chebyshev iteration is used as a standalone solution procedure, its arithmetic intensity
can be increased by applying the iteration in tiles and varying the two parameters B and s. To
determine the arithmetic intensity for a given combination of B and s we proceed as follows. Let
Vcd denote the volume of the computational domain of a tile and let γ be the number of floating
point operations required in each grid point. The volume of the frustum is given by

Vcd =
1

6

(
(B + 2s)

3 −B3
)
. (5)

The average total number of floating point operations per iteration for the entire domain can be
computed as

]floptotal
Cheb = γVcd

]tiles
s

, (6)

where ]tiles is the number of tiles in the domain. The average number of useful floating point
operations per iteration, i.e. excluding the redundant computations, is given by

]flopuseful
Cheb = γVuseful

]tiles
s

, (7)

where Vuseful = B2s is the volume of the beam enclosed by the tile. For the Chebyshev iteration, γ =
11 (6 for the matrix-vector product, 3 vector-vector additions and 2 scalar-vector multiplications).
Furthermore, in the standalone Chebyshev iteration, where several runs with s steps are performed
consecutively, the vectors x, b and p have to be fetched from main memory and have to be written

Copyright c© 2011 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2011)
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Figure 4. Chebyshev iteration applied to the 2D model problem using 2562 tiles, with s = 1 . . . 256. The
black dot represents Chebyshev iteration implemented without tiles. Left: The attained performance is
expressed in GFLOP/s as a function of the arithmetic intensity (qCheb). The green curve shows the useful
attained performance while for the red curve the redundant computations are included as well. From these
data, the roofline as illustrated in Figure 1 becomes apparent. Right: The bandwidth (GByte/s) is plotted

against the arithmetic intensity.

back to main memory§. Discarding the memory writes, the number of bytes fetched from main
memory per iteration is

]byteCheb = 8 · 3 · (B + 2s)
2
]tiles , (8)

when 8-byte double-precision floating point numbers are used. The arithmetic intensity of a tiled
Chebyshev iteration can thus be computed as

qCheb =
]floptotal

Cheb

]byteCheb
. (9)

In Figure 4, Chebyshev iteration with λmin = 4/h2 was applied to a Poisson problem (n = 210)
using a tile size B = 256, while varying s. The total number of iterations for each run was 5s,
and each run was repeated 3 times. From the minimum execution time over these 3 runs the
average execution time per iteration was computed. For each s, the attained performance, expressed
as ]floptotal

Cheb/second and as ]flopuseful
Cheb /second are plotted against the corresponding qCheb value in

Figure 4 (left). In this figure, the roofline becomes apparent. For small values of s, the arithmetic
intensity is low: there is little reuse of the data in the cache and the algorithm is bound by memory
traffic. As s increases, the arithmetic intensity increases together with the overall performance.
For modest values of s, the performance starts to level off as the algorithm becomes compute
bound rather than memory bound. For increasingly larger s the redundant work starts to dominate,
the useful performance drops quickly and the gap between attained useful flops and total flops
increases. The additional drop in performance for the total flops is caused by cache effects. At
some point, the basis of the frustum, which increases in size with increasing s, will no longer
fit in the cache. We should stress that at this point (qCheb > 16), the arithmetic intensity of the
algorithm is overestimated by our simple model which assumes that only the ground surface of
the frustum has to be fetched from main memory and that all consecutive iterations on the tile
are performed completely in the cache. However, this regime is beyond the region of interest for
practical computations, since the impact of the redundant computations is too big. The black dot in
Figure 4 denotes a naive Chebyshev iteration without tiling. Standard Chebyshev iteration does not
include any tiling parameters and hence has a fixed arithmetic intensity (qCheb = 11/(8 · 3) = 0.45).
The overhead of copying data from and to the tiles causes a noticeable penalty in performance
between the standard implementation and the tiled version with low q values.

§When only s steps are needed, for instance when applied as a smoother, the p vector does not need to be stored in main
memory explicitly, since it is only needed inside the tile.

Copyright c© 2011 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2011)
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Figure 4 (right) shows, for the same benchmark, the attained bandwidth to off-chip memory,
again as a function of arithmetic intensity. The attained bandwidth is estimated as (]byteCheb +
24B2 ]tiles)/second, i.e. the number of bytes fetched from and written to main memory per
iteration, divided by the average runtime for a single iteration. As to be expected, the bandwidth
usage declines as the arithmetic intensity increases, since data loaded into the processors cache
can be used more efficiently. This can possibly solve scaling problems for stencil computations on
multi/many core shared memory machines, where several cores have to share the available memory
bandwidth. Note that here again, the arithmetic intensity and hence the bandwidth are no longer
correctly predicted by the model for qCheb > 16.

This benchmark was performed on a single core from an Intel R©CoreTMi7 CPU M640 @2.80GHz.
Compared to the non-tiled implementation, a maximum speedup of 2.2× is realized for B = 256
and s = 20. Our Intel R©CoreTMi7 test system has two memory banks, each with a bandwidth of
8.5 GB/s ¶. Since the entire domain fits in one of these banks, 8.5 GB/s is also the maximum
achievable bandwidth. The measured maximum achieved bandwidth, 3.6 GB/s, is about 57% of the
bandwidth as measured by the stream benchmark ‖, which was 6.3 GB/s.

A naive implementation of a red-black Gauss-Seidel smoother would require two sweeps over
the computational domain, one for the red points, one for the black points. Hence a greater benefit
might be expected from tiling the red-black Gauss-Seidel smoother. However, the red-black update
sequence leads to a larger data dependency, i.e., a wider basis for the frustum, which leads to more
redundant computations. Hence, we expect a similar pay-off for red-black Gauss-Seidel smoothing.

3.1. The V cycle with tiled smoother

For Chebyshev iteration as such, an optimal combination of the parameters B and s can be
determined by looking at the maxima of the rooflines for different B values, cf. Figure 4 (left).
However, in section 2 (Figure 2 (right)), it was shown that the cost of a multigrid V -cycle is at its
lowest for few smoothing steps. This is due to the fact that for a standard, non-tiled, implementation
of the smoother the convergence rate of the V -cycle does not significantly improve with increasing
number of smoothing steps, while the computational cost increases with each additional application
of the smoother.

Figure 5 shows the measured wall clock time to solve a 2D Poisson problem (n = 210, ||r||2 <
10−9) with a multigrid V (ν1, ν2)-cycle as a function of the number of pre-smoothing steps ν1. Data
for both Chebyshev and Jacobi smoothing are shown. The weighted Jacobi smoother with ω = 2/3
effectively damps the upper half of the error frequencies. Similarly, for the Chebyshev smoother,
λmin = 4/h2 and λmax = 8/h2 minimizes the amplification factor of the Chebyshev smoother over
the upper half of the error spectrum. Figures 5 (top), (left) and (right) show timings for respectively
a V (ν1, 0), V (ν1, 1) and a V (ν1, 2)-cycle. The pre-smoother was tested without tiles and with tiles
of sizes B = 128 and 256. For a low number of post-smoothing steps, it does not pay off to use
tiling, therefore post-smoothing in these experiments is done without tiling. However, the tiling can
easily be turned on for parallel execution.

For the V (ν1, 0) cycle, the optimum with Chebyshev smoothing shifts from ν1 = 3 and 1.96 s
for the non-tiled version to ν1 = 6 and 1.21 s, an improvement of 38%. For Jacobi smoothing, the
optimum shifts from ν1 = 5 and 1.53 s to ν1 = 5 and 1.21 s, a 21% improvement. Note that also for
the non-tiled code, the optimal number of smoothing steps does not correspond to that predicted by
the work units. The Jacobi the V (5, 0)-cycle needs approximately 25% more work units than the
V (1, 0)-cycle, while in the non-tiled implementation it is faster by 30%. We speculate that this is
due to cache effects on the coarser levels and overhead of starting the smoother. For the V (ν1, 1) and
V (ν1, 2)-cycles the post-smoother, which is not tiled, takes a larger part of the total execution time
and the gain is less apparent. The sudden drops in execution time with for instance the Chebyshev
smoother and the V (ν1, 0)-cycle when going from 12 to 13 and from 16 to 17 pre-smoothing steps
are due to the fact that the number of V -cycles required to reach the 10−9 tolerance changes from

¶http://ark.intel.com/products/49666
‖http://www.cs.virginia.edu/stream/

Copyright c© 2011 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. (2011)
Prepared using nlaauth.cls DOI: 10.1002/nla

http://ark.intel.com/products/49666
http://www.cs.virginia.edu/stream/


IMPROVING MULTIGRIDS ARITHMETIC INTENSITY 9

 1

 1.5

 2

 2.5

 3

 3.5

 0  2  4  6  8  10  12  14  16  18

tim
e 

(s
)

ν1 - pre smoothing steps

V(ν1,0) cycle

Chebyshev, no tiles
Chebyshev, 1282 tiles
Chebyshev, 2562 tiles
ω-Jacobi, no tiles
ω-Jacobi, 1282 tiles
ω-Jacobi, 2562 tiles

 1

 1.5

 2

 2.5

 3

 3.5

 4

 0  2  4  6  8  10  12  14  16  18

tim
e 

(s
)

ν1 - pre smoothing steps

V(ν1,1) cycle

Chebyshev, no tiles
Chebyshev, 1282 tiles
Chebyshev, 2562 tiles
ω-Jacobi, no tiles
ω-Jacobi, 1282 tiles
ω-Jacobi, 2562 tiles

 1

 1.5

 2

 2.5

 3

 3.5

 4

 0  2  4  6  8  10  12  14  16  18

tim
e 

(s
)

ν1 - pre smoothing steps

V(ν1,2) cycle

Chebyshev, no tiles
Chebyshev, 1282 tiles
Chebyshev, 2562 tiles
ω-Jacobi, no tiles
ω-Jacobi, 1282 tiles
ω-Jacobi, 2562 tiles

Figure 5. Timings to solve a 2D Poisson problem (n = 210) using a multigrid V (ν1, ν2)-cycle with a 10−9

tolerance as function of the number of pre-smoothing steps ν1, for both Chebyshev and Jacobi smoothing.
Top: a V (ν1, 0)-cycle. Left: V (ν1, 1)-cycle. Right: V (ν1, 2)-cycle. Implementation with tiled pre-smoothing
is compared to standard implementation without tiles. For the post-smoothing, no tiling is used since for
these low number of smoothing steps tiling does not pay off. For the V (ν1, 0)-cycle with Chebyshev
smoother, applying tiling shifts the optimum from ν1 = 3 and 1.96 s to ν1 = 6 and 1.21 s, an improvement

of 38% and with Jacobi smoothing from ν1 = 5 and 1.53 s to ν1 = 5 and 1.21 s, a 21% improvement.

11 to 10 and from 10 to 9 respectively. One might wonder why in the non-tiled implementation
the Jacobi smoother is clearly faster than the Chebyshev smoother, while with tiling both perform
equally. This can be explained as follows. Compared to Jacobi iteration, Chebyshev iteration creates
and loops over an extra vector (the search direction p), which causes extra memory traffic. In the tiled
implementation, no off-chip memory is allocated for p since it is only used in the tiles, making the
tiled Chebyshev iteration comparable to the tiled Jacobi iteration in terms of memory traffic. Note
that also the computation of the residual vector and the intergrid transfer take up a considerable part
of the total execution time, which is not affected by the tiling in the current implementation.

In Figure 6, both the pre and post-smoother are implemented with tiling. The execution time for
V (ν1, ν2)-multigrid is now shown as a function of both ν1 and ν2. The symmetry along the diagonal
in these figures can intuitively be explained as follows. In a two-grid correction scheme, the post-
smoothing of one correction cycle is followed immediately by the pre-smoothing of the next cycle.
The convergence rate is determined by the sum of the number of pre and post-smoothing steps,
which is constant along the diagonal. The optimal choices for ν1 and ν2 and the corresponding
timings are given in Table I.
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Figure 6. Timings for a similar experiment as shown in Figure 5, but now with tiling applied to both pre and
post-smoothing. Table I lists the optimal choices for ν1 and ν2 and the corresponding timings. From these
figures, it is clear that the minima are shifted towards higher degrees of the smoother when tiles are used.

Note the symmetry along the diagonal.
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smoother B (ν1, ν2) time (s)
- (3, 0) 2.045

Chebyshev 128 (5, 3) 1.391
256 (3, 5) 1.425

- (3, 1) 1.534
Jacobi 128 (5, 4) 1.367

256 (6, 3) 1.397

Table I. For Jacobi and Chebyshev smoothing, this table shows the optimal number of smoothing steps and
timings for different tile size B, as determined from Figure 6.
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Figure 7. Left: Convergence rates for a V (ν1, 0)-cycle with Chebyshev and Jacobi smoothers, as function of
the number of pre-smoothing steps ν1. The lower bound λmin for the eigenvalues, as used in the Chebyshev

smoother, is varied. Right: Estimate for the work units required to reach a 10−9 tolerance.

4. SMOOTHING THE MID-FREQUENCY ERROR TERMS

Both the ω-Jacobi and the Chebyshev iteration have tunable parameters. For Jacobi this is the weight
ω and for Chebyshev these are c and d, which are related to λmin and λmax through relation (3).
Traditional choices are ω = 2/3 for Jacobi and λmin = 4/h2 and λmax = 8/h2 for Chebyshev. This
choice makes sure that half of the spectrum is damped efficiently.

Changing ω will adversely affect the convergence rate. However, changing λmin while keeping
λmax fixed will improve the multigrid convergence rate for higher order polynomials. By changing
the lower bound, the smoother can efficiently damp more modes than just those in the upper half of
the frequency range.

In Figure 7 (left) we show the asymptotic convergence rate of multigrid as a function of the
order of the Chebyshev polynomial for λmin = 2π2, 1/h2, 2/h2, 3/h2 and 4/h2. From a Chebyshev
order of three on, the convergence rate improves as λmin is lowered. The same result is reflected
in the number of work units required to converge to a given tolerance, shown in Figure 7 (right).
However, decreasing λmin beyond a certain point deteriorates the convergence rate, as can be seen
from Figure 7 (left) for λmin = 2π2.

This improved convergence rate for lower λmin is also observable in the timings for the multigrid
solver. In Figure 8 we show the timings for increasing order of the polynomial. For the results
without tiles (left) we already see better timings with a third order polynomial with λmin = 1/h2.

When tiling is included, again the best results are obtained with λmin = 1/h2. However, the
optimal choice is not necessarily a low order polynomial. Also higher order polynomials give
good performance. For example, with 256× 256 tiles we get best performance for ν1 = 6. This
indicates that the increased computational cost of taking higher order polynomials, as predicted by
Figure 7 (right), is compensated by the better arithmetic intensity of the higher order version. The
problem is solved in approximately the same time for ν1 = 3 . . . 6 with the optimum at ν1 = 6 with
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Figure 8. Timings for a multigrid V (ν1, 0)-cycle to solve the 2D Poisson model problem (n = 210) with a
10−9 tolerance. The lower bound λmin for the eigenvalues, as used in the Chebyshev smoother, is varied.
Left: Without tiling, the cost increases approximately linearly with the number of pre-smoothing steps ν1.

Right: The smoother is implemented with tiles of size B = 256.

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  2  4  6  8  10  12  14  16  18

co
nv

er
ge

nc
e 

ra
te

ν1 - pre smoothing steps

2/3-Jacobi (all levels)
λmin = 1h-2 (all levels)

λmin = 4h-2

λmin = 3h-2

λmin = 2h-2

λmin = 1h-2

 40

 60

 80

 100

 120

 140

 160

 180

 200

 2  4  6  8  10  12  14  16  18

w
or

k 
un

its

ν1 - pre smoothing steps

Figure 9. Left: Convergence rates for a V (ν1, 0)-cycle with Chebyshev smoothing, as function of the number
of pre-smoothing steps ν1 and for different values of λmin. The V -cycle interpolates (cubic) from 4h to h and
coarsens from h to 4h. For comparison, the convergence rates for ω-Jacobi and Chebyshev (λmin = 1/h2)
with normal coarsening (denoted all levels) are shown. Right: Estimate for the work units required to reach

a 10−9 tolerance. Certain levels are skipped, hence they do not contribute to the work units.

0.937 seconds. This is a 27% improvement (1.4× speedup) compared to Chebyshev smoothing
without tiles and with λmin = 4/h2 (from 1.278 to 0.937 seconds). Similarly, there is a speedup
compared to the best weighted-Jacobi smoothing without tiles (V (3, 1)) of 1.6× (from 1.534 to
0.937 seconds). Compared to the non-tiled Jacobi V (1, 0)-cycle, which is optimal in the number of
work units, we achieve a speedup of 2.3×.

5. MORE AGGRESSIVE COARSENING

By taking λmin < 4/h2 and λmax = 8/h2, more than just the upper half of the error spectrum is
damped. When λmin is sufficiently small and enough smoothing steps are applied, the error, on a
grid with spacing h, will be so smooth that it can be represented accurately on a grid with 4h. The
optimum from the previous section (ν1 = 6 and λmin = 1/h2) motivates exploration of such a more
aggressive coarsening strategy.

Figure 9 (left), shows the convergence rate of a multigrid V (ν1, 0)-cycle as a function of ν1
for different values of λmin. For these experiments, the coarsening was done from h to 4h and
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Figure 10. Timings for a multigrid V (ν1, 0)-cycle to solve the 2D Poisson model problem (n = 210) with a
10−9 tolerance. The coarsening is done from h to 4h, λmin is varied. Left: Without tiling. For λmin = 4/h2,
the intermediate frequency error terms are only damped slowly and hence more smoother steps lead to faster

convergence of the V -cycle. Right: The smoother is implemented with tiles of size B = 256.

likewise, interpolation from 4h to h. These convergence rates are compared to those for 2/3-Jacobi
and Chebyshev (λmin = 4/h2), both with regular coarsening/interpolation between h and 2h. All
tests reported in this section use cubic interpolation. Interpolation from 4h to h is implemented as
two consecutive interpolations, one from 4h to 2h followed by one from 2h to h.

Figure 9 (right) shows the corresponding number of work units required to solve the model
problem with a 10−9 tolerance. However, since now the V -cycle uses a reduced hierarchy of levels,
the cost in terms of work units is given as

(ν1 + ν2)
(
1 + 4−2 + 4−4 + · · ·+ 4−l

) log 10−9
log ρ

WU ≈ (ν1 + ν2)
16

15

log 10−9

log ρ
WU . (10)

where the constant changed from 4/3 (Eq. 4) to 16/15. Skipping a level can also reduce the memory
footprint by 25%. Figure 9 (right) also compares with 2/3-Jacobi and Chebyshev (λmin = 4/h2),
both with regular coarsening/interpolation between h and 2h.

We observe that the cost (WU’s) remains approximately constant for several iterations until the
error is sufficiently smooth such that it can accurately be represented on a much coarser grid. From
then, additional smoothing has no real benefit and the cost starts to increase linearly again. For
enough smoothing steps and with λmin = 1/h2, the V -cycle with the more aggressive coarsening is
predicted to be faster than a normal V -cycle with standard 2/3-Jacobi smoother.

Figure 10 shows timings for the V -cycle with aggressive coarsening, left without tiling, right
usingB = 256 tiles. When λmin = 4/h2, the frequencies that can be represented on the intermediate
2h grid but not on the coarser 4h grid only decline slowly. Hence, more smoothing steps are required
than for the λmin = 1/h2 case. From Figure 10 (right), we observe an optimum of 1.118 seconds
(ν1 = 7), which is a 27% improvement compared to the best normal V -cycle (all levels) using
2/3-Jacobi smoothing (1.534 seconds) and a 1.96× improvement compared to the V (1, 0), which
is optimal in the number of work units. For the non-tiled case, we also observe a performance
improvement for increasing ν1 (for small ν1), which is not predicted by the work units but might be
due to cache effects on the coarser levels.

6. CONCLUSIONS

It is an important trend in computer hardware that the increase in memory bandwidth of a CPU
will lag behind the increase of available flops. This will lead to a loss of relative performance of
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multigrid solvers that are build on stencil computations whose performance is typically bound by
the available memory bandwidth.

This work explores the possibilities to increase the arithmetic intensity of a multigrid solver
by trading memory traffic for redundant computations. The focus is on replacing the standard ω-
Jacobi smoother with s-step smoothers. In general, additional smoothing steps at each level of the
multigrid hierarchy do not improve performance enough to justify the cost of additional matrix-
vector products. However, and counter intuitively, when the smoother is applied repeatedly the loops
can be reorganized such that data in fast memory is reused, and overall performance increases.

Classical smoothers like ω-Jacobi and Gauss-Seidel are stencil computations with a fixed
arithmetic intensity. Polynomial smoothers, however, can be implemented with a variable arithmetic
intensity. Indeed, with each order of the Chebyshev polynomial s and tile size B we can associate a
q-value. Varying this q allows one to probe the roofline model for a particular architecture. Changing
these parameters also transforms the smoother operator from a memory bandwidth bound problem
into a compute bound problem. However, in practice one would not want to search for the optimal
parameters manually. Auto-tuning of such architecture dependent parameters is common practice in
BLAS libraries for dense linear algebra, e.g. ATLAS [35]. Similar techniques can be applied here.

By tuning the lower bound for the eigenvalues and selecting optimal B and s parameters, we
achieved a 2.2× speedup compared to applying the Chebyshev smoother without tiles on the upper
half of the error frequencies only. Tiling results in a larger optimal degree for the polynomial
smoother, which in turn allows more freedom in selecting a suitable range of error frequencies
to be smoothed.

Currently, the arithmetic intensity of the smoother is improved through tiling. However, the
restriction and interpolation operators still have a low arithmetic intensity. To increase overall
performance they also need to be more efficient with memory bandwidth. One way is to incorporate
the restriction/interpolation into the tiled smoother routine such that the restriction or interpolation
is calculated when the data is already in fast memory. This can avoid the penalty caused by
copying the floor of the frustum to the separate memory for the tile, as observed in Figure 4.
Such cache optimizations, similar to those presented by Douglas et al [16, 17, 18], might give
the additional performance boost that is required to ensure that performance increases as the degree
of the smoother increases.

In future work we will report on the scalability of the tiling approach on multi-core and many-
core chips, e.g. GPU’s. By copying the floor of the frustum in separate memory for each thread, we
avoid the need for communication and synchronization between threads. This leads to a batch of
fine grained independent tasks that can be easily scheduled over many cores. The lower bandwidth
usage can also avoid bandwidth congestion. However, some care is needed in the choice of tile size
since several threads may share a cache level.

An extension to 3D or unstructured meshes might lead to completely different results. In 3D a
tile becomes a cube which has to fit in the cache. With current cache layouts the size of the cube is
severely limited. Every additional smoothing step increases the redundant work and for small cube
sizes the ratio of useful work to redundant work rapidly declines. However, for 3D, a wavefront
implementation [11] can significantly reduce the redundant work. We will investigate this in future
work as well.
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